
ISSN 0136-5835. Вестник ТГТУ. 2015. Том 21. № 4. Transactions TSTU 660

 

Математика. Физика 
 

 
УДК 517.518 
DOI: 10.17277/vestnik.2015.04.pp.660-668 

 
NON-TANGENTIAL CONVERGENCE  

OF THE GENERALIZED POISSON INTEGRAL 
 

A. D. Nakhman1, B. P. Osilenker2 
 

Departments: “Engineering Mechanics and Machine Parts”, TSTU (1); 
“Higher Mathematics”, Moscow State University of Civil Engineering, Moscow (2), 

 alextmb@mail.ru 
 

Keywords: exponential summation methods; non-tangential convergence; semi-
continuous means. 

 
Abstract: The means of Fourier series ),;,( hуfU λ  generated by semi-continuous 

summation methods Λ ={ )(hkλ , k = 0, 1, ...; h > 0} are studied. For the points ),( hy , 
belonging to an angular domain )(xdΓ , upper estimates of the corresponding maximal 
operators are obtained. Non-tangential convergence almost everywhere of the 
generalized Poisson-Abel means, corresponding to a case of ),exp()( α−=λ hkhk  

1...;,1,0 ≥α=k , is established. 
 
 

 
 
 

Introduction. Formulation of the problem 
 

Let L π2  be class of 2 π -periodical functions, which are summable on [–π, π] 

and C 2 (0, +∞) – class of functions having continuous second derivative on ),0( ∞+ . 
In this paper we consider the semi-continuous means 

),;,( hуfU λ = ∑
∞

−∞=
λ

k
kk ikуfch )exp()()(||                                  (1) 

 

of Fourier series s [f] of functions f ∈ L π2 . In the definition (1) 

∫
π

π−

−
π

= dtikttffck )exp()(
2
1)( , ...,2,1,0 ±±=k  

 

are complex Fourier coefficients of function f. 
The problem of the study of behavior (1) at 0+→h  arises in various problems 

of analysis and in the case of discrete h  it was studied by many authors (see, eg., [1] 
and references therein). For convex (piecewise-convex) summarizing sequences 

}...,1,0),({ =λ=Λ khk , 1)(0 =λ h  and all f ∈ L π2 , the convergence of means (1) 
almost everywhere  

 

0
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+→h
)(),;,( xfhxfU =λ  
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was established in [2]; in [3] it was studied the behavior of the corresponding means 
in Lebesgue points. 

The result is valid, in particular, for the case of ),exp()( α−=λ hkhk  ...;,1,0=k  
0>α . An important consequence of this result is the summability almost everywhere 

of Fourier series of function f ∈ L π2  by Abel-Poisson method (“radial” convergence of 
Poisson integral, [4, vol. 1, p. 162]), which corresponds to the case of 1=α . More 
complicated (and more interesting from the point of view of the theory of analytic 
functions) is the problem of so-called non-tangential convergence of (1). This is the 
behavior of (1) at )0,(),( xhy → , when the point ),( hy is within the boundaries of the 
angular domain 

.0,,||,0],,[|),()( >=
⎭
⎬
⎫

⎩
⎨
⎧ ≤

−
>ππ−∈=Γ ddd

h
xyhyhyxd const  

 

In this paper, under some conditions on the matrix Λ : 
a) we obtain the maximal inequalities of the means (1); 
b) we establish the estimates of pL -norms of corresponding maximal operators  

(in the cases of )10,1,1 <<=> ppр ;  
c) we proof the non-tangential convergence )(),;,( xfhуfU →λ  for f ∈ L and 

almost all x. 
 

The main result 
 

Define  
                               |),;,(|

)(),(
sup);,( hуfU

xhy
хfU

d
λ

Γ∈
=λ∗ ; 

let ]
2

1[
dh

m =  and 

                                                )(* xf ∫
η+

η−>η η
=

x

x

dttf |)(|
2
1sup

0
  

be Hardy maximal function [4, vol. 1, p. 55].  
Theorem 1. Let the sequence )}({ hNλ  decreases so rapidly that 
 

|)(| hN Nλ ∞→=λΔ+ NohN N ),1(|)(|2 ,                           (2) 
 

and there is a constant dСС ,Λ=  such that  
 

∑
∞

=

+++ λΔ
0

2|
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k
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kkm h .С≤                                           (3) 
 

Then for every x the estimate  
 

                                     )();,( *
, xfСхfU dΛ∗ ≤λ  

 

holds. 
Remark. Here and throughout the paper C  will represent constants, which depend 

only on the explicitly specified indexes.  
 

Proof of the theorem 1 
Let  
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and  
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be Dirichlet and Fejer kernels, respectively [4, vol. 1, pp. 86, 148]. 
Applying the Abel's transform twice [4, vol.1, p.15] and the obvious estimate 
 

)1(2)(|)(| +≤+ NtFtD NN , N = 0, 1, …,                               (4) 
 

we obtain the relation 
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By (2) we have 
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k
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Note that the condition hdtx 2|| ≥− implies the relation 
 

||
2
1|||| txdhtxty −≥−−≥−

 
for all )(),( xhy dΓ∈ . Consequently, for each fixed x the inequality 
 

||
2
1|| txty −≥−                                                  (6) 

is satisfied at all t , for which  

m
tx 1|| ≥− .                                                        (7) 

 

To estimate the right side of (5) we need the following obvious inequality: 
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Now, in view of (4) and (8) we have 
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Using (6) for the values t , that satisfy (7), we obtain 
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we used the estimate (see eg., [2]) 
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in which the integer S was choosing from the condition 
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The right side of (9), obviously, does not exceeds 
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which implies the assertion of Theorem 1. 

 
Lp-estimates 

 
Let  
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p dxxff
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be a norm in Lebesgue space pL  ( )1
1 ||||||||;;0 ffLLp ==> . 

Theorem 2. If the sequence Λ  satisfies the conditions (2) and (3), the following 
estimates  
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( )( );||ln1)(

;1,||)(||||)( ,
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.10||,)(||)( , <<≤ Λ∗ pfCfU pp                                  (10) 

hold. 
The result follows from Theorem 1 and the corresponding pL -estimates of 

maximal Hardy function (see [4, vol. 1, p. 60]).  
 

Non-tangential convergence 
 

Тheorem 3. If f ∈ L π2 , the sequence Λ  satisfies (2), (3) and  
 

,1)(lim
0

=λ
→

hk
h

...,1,0=k ,                                           (11) 

then the relation  
)(),;,(lim

)(),(
)0,(),(

xfhуfU
xhy

xhy
d

=λ

Γ∈
→

                                       (12) 
 

holds almost everywhere. 
The theorem can be proved by the standard method [4, vol. 2, p. 464-465]. Scheme 

of the proof is as follows. By (11) the relation of form (12), as is easily seen, 
accomplishes uniformly over ),( hy  for every )()( yTyf = ; here )(yT is any 
trigonometric polynomial. Next, choose )(хT such as a norm |||| ϕ , where 

)()()( хTхfх −=ϕ , has been prescribed small. Now 
 

( ) ( ) ( ) ( ) ( ) ( ) ≤ϕ−−λϕ+λ=−λ ххТhуUhуTUxfhуfU ,;,,;,,;,  
( ) ( ) ( ) ( ).;,,;, ххUхТhуTU ϕ+λϕ+−λ≤ ∗                            (13) 

 

By (13), (10) and the choice of the polynomial T, the measure of those x for which 
( ) ( )xfhуfU −λ,;,  is more even a small number, will be prescribed small. This is the 

satisfiability of relation (12) for almost all x. 
 

Exponential means 
 

Denote now  
1)(0 =λ h , ...,2,1,|),()( =λ=λ = khхh kxk , 

where ( ))(exp),( xhhх ϕ−=λ , and require the following conditions:  

a) ),0(,0)(,0)(,0)();,0(2 +∞∈≥ϕ′′≥ϕ′≥ϕ+∞∈ϕ xxxxC ;  

b) ( ) ( )( )xhxx ϕ−ϕ′ exp)( 22  and ( ))(exp)(2 xhxx ϕ−ϕ ′′  decrease to zero as x 
increases. 

Note that  
( )( ))("))('()(exp),( 2'' xxhxhhhхх ϕ−ϕϕ−=λ . 

and apply twice the Lagrange theorem to the second finite differences in (9).  
Under the conditions of B) the right side of (9) is majorized by the sum of 

corresponding improper integral and for implementability of statements of Theorems 1, 
2 and 3 (with the additional condition (11)) is sufficient to require  

( ) ( ) +ϕ−ϕ′′+ϕ′∫
∞

dxxhxxhxh
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( )( ) ( )∫
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i.e. 
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Generalized Poisson-Abel means 

 

Consider in particular the case of 1,)( ≥α=ϕ αxx , then 
 

( ) 1...;,2,1,exp)(,1)(0 ≥α=−=λ=λ α khkhh k .               (15) 
 

Corollary 1. The statements of Theorems 2 and 3 are valid for generalized 
Poisson-Abel means 

),;,( hуf ασ = ( )∑
∞

−∞=
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the constants С in the estimates of pL -norms is pCC ,α= . 
In particular, the relation 
 

)(),(
)0,(),(

lim
xhy

xhy
dΓ∈

→
( )∑

∞

−∞=
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k
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(non-tangential convergence of Poisson-Abel means) holds for almost all x. 
Remark. Since further arguments related to the integral form of means 

),;,( hуf ασ , then we also say about generalized Poisson integral. 
Proof. Condition a) and b) in this case can be easily verified. To verify the 

condition (14), we transform the integral  

( )∫
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(the values of parameters s  and β  will be chosen later) by the replacing of variables 
α= hxt , to form  
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where Г = Г( τ ) is Euler gamma function (converging at 0>τ  the improper integral). 
In the following four cases (corresponding to four integrals in (14)), we have: 
 

1) 12,2 −α=β=s ; here )2(1
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α
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Now sum (3) is no more  

,1
11
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so that the sequence (15) satisfies the condition (3), from which follows the assertion of 
Corollary 1. 

 
Exponentially-polynomial summation methods 

 
Let now )(хϕ  is a polynomial function of n-th degree 
 

0,...)( 0
1

1 >=+++= −
− n

n
n

n
nn aaaxaxaxP ; ...,2,1=п  

 

Corollary 2. The assertions of Theorems 2 and 3 are valid for exponentially-
polynomial means 

 

),;,( hпуfσ = ( )∑
∞

−∞=
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k
kn ikуfckhP )exp()(|)(|exp  for all ...,2,1=п ; 

 

the constants С in the estimates of pL -norms is pпCC ,= . 

Proof. It suffices to verify conditions a) and b) and the boundedness of sums in (9); 
while the sum in (9) can be viewed at ),[ +∞ν∈k , where ν  is fixed natural number, 
which will be chosen later. 

Since 0>= naa  and  

)(xРn = ⎟
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⎜
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⎛ +++ −

п
пп

х
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х
аах 01 ... , 

 

then for sufficiently large values of x  
 

)(xРn 2
a

> пх                                                       (16) 
 

holds. 
Similarly, for sufficiently large values of x we have 
 

)(xРn′ 0>  and )(хР п′′ 0> .                                          (17) 
 

Let now ν  be a positive integer such that for ν≥х  at the same time the relations 
(16) and (17) hold; we can assume that m<ν . With these x the conditions a) of Sec. 6 
are valid. 

We now turn to the conditions b). For )(хϕ = )(xРn the required estimates follow 
easily from the obvious inequalities  

 

( ) 222)(' −≤ n
nп xCхР , 2|)(| −≤″ n

nп xCхР  for 1≥x                (18) 
 

and (see (16))  

exp ( ) .
2

exp)( ⎟
⎠
⎞

⎜
⎝
⎛−<− п

n xahхhP                                     (19) 

 

The proof of the boundedness of the integrals in (14) follows now from (18) and 
(19), by the same arguments that were used in Sec. 6 for a generalized Poisson integral. 
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Нетангенциальная сходимость обобщенного интеграла Пуассона 
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Ключевые слова: нетангенциальная сходимость; полунепрерывные 

средние; экспоненциальные методы суммирования. 
 
Аннотация: Рассматриваются средние ( )hуfU ,;, λ  рядов Фурье, 

порожденные полунепрерывными методами суммирования Λ ={λ k  (h), k = 0, 1, ...; 
h > 0}. Для ),( hy , принадлежащих «угловой» области )(xdΓ , получены верхние 
оценки соответствующих максимальных операторов. Установлена 
нетангенцильная сходимость почти всюду обобщенных средних Пуассона – 
Абеля, соответствующих случаю ( ) 1...;,1,0,exp)( ≥α=−=λ α khkhk . 
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Nichttangentiale  Konvergenz  des  verallgemeinerten   
Integrals  von  Poisson 

 
Zusammenfassung: Es werden die mittleren ( )hуfU ,;, λ  der Fourierreihen, 

die von den halbununterbrochenen Methoden der Summierung von Λ ={λ k (h),  
k = 0, 1, ...; h > 0} erzeugt sind, betrachtet. Für ),( hy , die zu “dem Winkelgebiet” 
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gehören, sind die oberen Einschätzungen der entsprechenden maximalen Operatoren 
erhalten. Es ist die nichttangentiale Konvergenz der fast überall verallgemeinerten 
mittleren von Poisson-Abel, die dem Fall ( ) 1...;,1,0,exp)( ≥α=−=λ α khkhk  
entsprechen, bestimmt. 
 
 

Convergence non-tangentielle d'un intégrale généralisé de Poisson 
 

Résumé: Sont considérées les moyennes ( )hуfU ,;, λ des séries de Fourier, 
générées par les méthodes semi-continues de la sommation Λ ={λ k (h), k = 0, 1, ...;  
h > 0}. Pour ),( hy  appartenant au domaine angulaire )(xdΓ  sont obtenues les valeurs 
supérieures des opérateurs maximums. Est établie la convergence non-tangentielle des 
moyennes généralisées presque partout de Poisson-Abel, correspondant au cas 

( ) 1...;,1,0,exp)( ≥α=−=λ α khkhk . 
 
 

Авторы: Нахман Александр Давидович – кандидат физико-математических 
наук, доцент кафедры «Техническая механика и детали машин», ФГБОУ ВПО 
«ТГТУ»; Осиленкер Борис Петрович – доктор физико-математических наук, 
профессор кафедры высшей математики, ФГБОУ ВО «Московский государствен-
ный строительный университет», г. Москва. 

 
Рецензент: Куликов Геннадий Михайлович – доктор физико-матема-

тических наук, профессор, заведующий научно-исследовательской лабораторией 
«Механика интеллектуальных материалов и конструкций», ФГБОУ ВПО «ТГТУ». 
 
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


