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Abstract: The means of Fourier series U(f, y;A,h) generated by semi-continuous
summation methods A ={A;(h), k=0, 1, ...; A > 0} are studied. For the points (y,%),
belonging to an angular domain I';(x), upper estimates of the corresponding maximal
operators are obtained. Non-tangential convergence almost everywhere of the
generalized Poisson-Abel means, corresponding to a case of Aj(h)=exp(—hk®),
k=0,1,...; a>1, is established.

Introduction. Formulation of the problem

Let L,, be class of 2 m-periodical functions, which are summable on [-m, ©]

and C? (0, +o0) — class of functions having continuous second derivative on (0, + ).

In this paper we consider the semi-continuous means
o8]

U (f,yihh) = hgy(heg (f) exp(iky) (1)

k=—0

of Fourier series s [f] of functions f € L, . In the definition (1)
1 T
(=5 jf(t) exp(—ikt)dt, k=0,+1,%2, ...
T
—T

are complex Fourier coefficients of function f.

The problem of the study of behavior (1) at #— +0 arises in various problems
of analysis and in the case of discrete /# it was studied by many authors (see, eg., [1]
and references therein). For convex (piecewise-convex) summarizing sequences
A={\;(h),k=0,1,..}, Ag(h)=1 and all f € L, , the convergence of means (1)

almost everywhere

lim U (f,x;\h) = f(x)
h—+0
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was established in [2]; in [3] it was studied the behavior of the corresponding means
in Lebesgue points.

The result is valid, in particular, for the case of A, (h)=exp(-hk*), k=0,1,..;
o >0. An important consequence of this result is the summability almost everywhere
of Fourier series of function f € L ,, by Abel-Poisson method (“radial” convergence of
Poisson integral, [4, vol. 1, p. 162]), which corresponds to the case of a=1. More
complicated (and more interesting from the point of view of the theory of analytic
functions) is the problem of so-called non-tangential convergence of (1). This is the
behavior of (1) at (y,4) — (x,0), when the point (y,4)is within the boundaries of the

angular domain

Fd(x):{(y,h)|ye[—n,n], h>0, |y;x|sd},d=const,d>0.

In this paper, under some conditions on the matrix A :
a) we obtain the maximal inequalities of the means (1);

b) we establish the estimates of L” -norms of corresponding maximal operators
(in the cases of p>1, p=1,0<p<]);

¢) we proof the non-tangential convergence U(f,y;A,h) — f(x) for f € L and
almost all x.

The main result

Define
Usfsxsh)= sup  [U(f,ys0h)|;
(y.h)el 4 (x)
let m:[L] and
2dh
x+n
* 1
£ =sup —— [If ()]t
n>0 27]
x-n

be Hardy maximal function [4, vol. 1, p. 55].
Theorem 1. Let the sequence {A (%)} decreases so rapidly that

N|Ay(h)| +N* | Ahy () = o(l), N = o0, )

and there is a constant C = C) 4 such that

> D 2 ()| < C. ©)
k=0
Then for every x the estimate

Un(fs30) S Crg (%)

holds.
Remark. Here and throughout the paper C will represent constants, which depend
only on the explicitly specified indexes.

Proof of the theorem 1
Let
1 & sin(k + %)t
D,.(t)=—+ ) cosvt=
(1) 5 Z .
v=1 2sin Et
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and

1 k sin 711‘
Fe0) === 200 = B
+1% 2(k+1)sin25t

be Dirichlet and Fejer kernels, respectively [4, vol. 1, pp. 86, 148].
Applying the Abel's transform twice [4, vol.1, p.15] and the obvious estimate

| Dy (1) |[+Fy () <2(N+1), N=0,1, ..., @)

we obtain the relation

lU(f,y:hh) =

- Ao(h) B
Jim j f(t){ +Zxk(h)cosk(y t)}

:% Nliniw{xN(h) jf(y+t)DN(t) dt + NAL .y (h) J.f(y+t)FN—1(t)dt+

-7 —T

+ Z(k+1)A2xk(h) j F+DF () dt}

=T

<C lim {(NIKN(}I)HN o)) 1 £+ +

-7

Z (k+1)| A%y (B)| j|f<y+r>wk<r)dr}
k=0 P

By (2) we have

U vin bl < C Yk + DA () [ I OFF (v =1y )
k=0 Cn

Note that the condition | x—¢ > 2hd implies the relation
|y—t2x—t|-dh 2%|x—t|
for all (y,h) e I;(x) . Consequently, for each fixed x the inequality
1
Iy—tkzlx—ﬂ (6)
is satisfied at all ¢, for which
|x—t]> 1 . @)
m

To estimate the right side of (5) we need the following obvious inequality:

Y
lJ.|f(t)|altsf"‘(x), |F(t)| <C ! 7 0<tl<m, k=0,1,...; (8)
T (k+1)¢
Now, in view of (4) and (8) we have

Sk DA% (1) Tlf(z)le (v =0dr < [N ro ()1 * () +
k=0 “x
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+Z(k+1)\A2xk(h>‘[ Jlr@ltesnare [ (t)lk( 0’ t}
k=1 _

lx—t|<1/k 1/ k<|x—t|<2n
£+ DA () [ frolgsya+ [ |r@|——ar
k=m+1 [x—t|<1/m Um <|x—t]<2n k(y n?

Using (6) for the values ¢, that satisfy (7), we obtain

Dk DR (| | @ (v =) de < CA[f () +
k=0 g

+Z(k+1)‘A2xk(h)‘ {(k+1) [lroja | |f(t)|k( 1t)2dtJ+
r—

[x—t1<1/k 1/k<|x—t|<27n

oy kD ”) EED™ e, (h)‘{ [ |f(t|dtJ+

k=m+1 |x—t|<1/m
N 1)‘A2x k(h)‘ [lrol——a|<
k=m-+1 1/m <|x— ﬂ<2nk( -1’
* < k+1
<Cpf (x)(l + ) G+ DA R ()] + Z Q‘ A2 k(h)U; ©)
k=1 k=m+1
we used the estimate (see eg., [2])
s
k+1
[fo——da<cYy === [IfG+nldi<cf ),
1/ k<lx—tj<2n X T ’) FElC 2 2
Tl ke

in which the integer S was choosing from the condition
2S -1 ZS
—<n<—
k+1 k+1
The right side of (9), obviously, does not exceeds

CAf* (x) Z (m+k-:'ll)(k+l)
k=0

N ()
which implies the assertion of Theorem 1.

1"-estimates

Let

- 1/p
171, = [ jlf(x)l”de

be a norm in Lebesgue space I (p S0, L=L" | /=l f H1)~

Theorem 2. If the sequence A satisfies the conditions (2) and (3), the following
estimates
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< Cpn KD Nps P>
o= a1 1))

||U*(f)||pSCp,AH(f)II, 0<p<lL (10)
hold.

The result follows from Theorem 1 and the corresponding L” -estimates of
maximal Hardy function (see [4, vol. 1, p. 60]).

Non-tangential convergence
Theorem 3. If f = L, , the sequence A satisfies (2), (3) and
lim A (h)=1, k=0,1,..., (11)
h—0

then the relation

lim  U(f,y;Mh) = f(x)
(7.h)—>(x,0)
(v.h)ely (x) (12)

holds almost everywhere.

The theorem can be proved by the standard method [4, vol. 2, p. 464-465]. Scheme
of the proof is as follows. By (11) the relation of form (12), as is easily seen,
accomplishes uniformly over (y,h) for every f(y)=T(y); here T(y)is any

trigonometric polynomial. Next, choose 7(x)such as a norm | @], where
¢(x) = f(x)—T(x), has been prescribed small. Now

(S, vk h)= fx) =|U(T, ;0 h)+ U@, y; k. h) = T(x)— o(x) <
<|U(T, ysh, h) =T (x) + U (@, x5 1) + |o(x). (13)
By (13), (10) and the choice of the polynomial 7, the measure of those x for which
[U(f,y;x,h)— f(x) is more even a small number, will be prescribed small. This is the
satisfiability of relation (12) for almost all x.

Exponential means
Denote now
7\’O(h) =1, xk(h) = }‘(xsh) |x=k > k= L,2,..,
where A(x,%) = exp(—ho(x)), and require the following conditions:

a)pe C?(0,40); o(x) =0, ¢'(x)20, ¢"(x) 20, x € (0,+0);

b) x2(¢'(x))* exp(~ hp(x)) and x2|¢"(x)|exp(~ ho(x)) decrease to zero as x
increases.
Note that

A (x,h) = hexp(~ h(P(X))(h((P'(X))z - <P"(x))~
and apply twice the Lagrange theorem to the second finite differences in (9).
Under the conditions of B) the right side of (9) is majorized by the sum of
corresponding improper integral and for implementability of statements of Theorems 1,
2 and 3 (with the additional condition (11)) is sufficient to require

[ (22 + Ho" (o e exp(— o) s +

0
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0

+h j (hz((p'(x))z + h|(p”(x)|)x2 exp(— ho(x))dx < C, , (14)
0
ie.

T(hz (@GN + 4] 9"(x) )i+ /x| exp(—ho(x)) dx<C,.
0

Generalized Poisson-Abel means
Consider in particular the case of ¢(x)=x%, a>1, then

Ao(h) =1, xk(h)=exp(—hk“) k=1,2,.; a>1. (15)

Corollary 1. The statements of Theorems 2 and 3 are valid for generalized
Poisson-Abel means

o(f,y,a,h)= iexp(—h|k|a)ck(f)exp(iky) forall a>1;

k=—0
the constants C in the estimates of L” -normsis C=C, ,,.

In particular, the relation

lim > exp(=hl k| (/)exp(iky) = f(x) . f € Loy,
(yah)_)(x70) k=
(y,h)elg (x)
(non-tangential convergence of Poisson-Abel means) holds for almost all x.
Remark. Since further arguments related to the integral form of means

o(f,y;a,h), then we also say about generalized Poisson integral.

Proof. Condition a) and b) in this case can be easily verified. To verify the
condition (14), we transform the integral

o0
J=hn' _[xB exp(— hx® )dx
0
(the values of parameters s and B will be chosen later) by the replacing of variables

—00

t =hx%, to form
1+ 14+B 1+
§—— —1 §——
7=y [ee exp(—t)di=Lh o r(ﬂj ,
o 0 o o
where I' =T'(t) is Euler gamma function (converging at T > 0 the improper integral).
In the following four cases (corresponding to four integrals in (14)), we have:

1) s=2,B=20—1; here J:lF(Z);
o

2) s=1,=oa-1; hence, J:lF(l);
a

1-——
3) s =3, B=2a; then J:lh ar(2+1);
o (04

1——
4) s =2, B = a; hence, leh 0‘1"(1+lj.
o o
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Now sum (3) is no more

L

Cyl1+h @ |

so that the sequence (15) satisfies the condition (3), from which follows the assertion of
Corollary 1.

Exponentially-polynomial summation methods
Let now o@(x) is a polynomial function of n-th degree
P,(x)=ax" +a, x" ' +.+ay, a=a,>0;n=12,..

Corollary 2. The assertions of Theorems 2 and 3 are valid for exponentially-
polynomial means

o(f,yimh) =D exp(=hP, (| k ) (f)exp(iky) forall n=1,2,...;
k=—c0
the constants C in the estimates of L” -norms is C=C,, p-

Proof. It suffices to verify conditions a) and b) and the boundedness of sums in (9);
while the sum in (9) can be viewed at k €[v,+®), where v is fixed natural number,
which will be chosen later.

Since a =a, >0 and

P, (x) —x"(a 4=l +a—0j ,

then for sufficiently large values of x

P, (x) >% X" (16)
holds.
Similarly, for sufficiently large values of x we have
P, (x) >0 and P",(x) >0. 17

Let now v be a positive integer such that for x > v at the same time the relations
(16) and (17) hold; we can assume that v < m . With these x the conditions a) of Sec. 6
are valid.

We now turn to the conditions b). For @(x) =P, (x) the required estimates follow
easily from the obvious inequalities

(P,'(0)2 <Cpx2 2 | P, (x)[< Cpx"2 for x21 (18)
and (see (16))

exp (- hP,(x))< exp(— h g x" j (19)

The proof of the boundedness of the integrals in (14) follows now from (18) and
(19), by the same arguments that were used in Sec. 6 for a generalized Poisson integral.
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A. JI. Haxman', B. 11 Oc1/1.11emcep2

Kagheopui: « Texnuueckast mexanuxa u demanu mawuny, @IEOY BIIO «TI'TY» (1);
«Bvicuwas mamemamuxay, @I'6OY BO «Mockoeckuil 2ocyoapcmeerHblil
cmpoumenvhblll yrusepcumemy (2); alextmb@mail.ru

KiaroueBble cjoBa: HETAaHICHUOHAJIbHAA CXOAUMOCTL; TIMOJYHCIIPCPHIBHLIC
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AuHoTauusi: Paccmartpusatrorcs  cpennme  U(f,y;A,h)  pagos  Dypbe,
TIOPO’K/ICHHBIE TIOYHETIPEPBIBHBIMU MeTofamu cymmupoBanust A ={A; (h), k=0, 1, ..;
h > 0}. dns (y,h), npuHamiexamux «yrioBoin» obmacti I';(x), momydeHsl BEepXHHE

OLIEHKHU COOTBETCTBYIOIIUX MaKCHUMaJIbHBIX OIIepaToOpPOB. YcraHoBneHa
HETaHTeHIMIbHAS CXOOUMOCTh IIOYTH BClogy o00o00meHHBIX cpexHux Ilyaccona —

AGerst, COOTBETCTBYIOIIHX Cydaro Ay (h) = exp(— hka), k=0,1,..; a>1.
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Nichttangentiale Konvergenz des verallgemeinerten
Integrals von Poisson

Zusammenfassung: Es werden die mittleren U(f,y;A,h) der Fourierreihen,
die von den halbununterbrochenen Methoden der Summierung von A ={i, (h),
k=0,1,..; h > 0} erzeugt sind, betrachtet. Fiir (y,4), die zu “dem Winkelgebiet”
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gehoren, sind die oberen Einschitzungen der entsprechenden maximalen Operatoren
erhalten. Es ist die nichttangentiale Konvergenz der fast {iberall verallgemeinerten

mittleren von Poisson-Abel, die dem Fall A, (h)= exp(— hka), k=0,1,...; a>1
entsprechen, bestimmt.

Convergence non-tangentielle d'un intégrale généralisé de Poisson

Résumé: Sont considérées les moyennes U(f,y;A,h)des séries de Fourier,
générées par les méthodes semi-continues de la sommation A ={A; (h), k=0, 1, ...;
h > 0}. Pour (y,h) appartenant au domaine angulaire I';(x) sont obtenues les valeurs

supérieures des opérateurs maximums. Est établie la convergence non-tangentielle des
moyennes généralisées presque partout de Poisson-Abel, correspondant au cas

Ay (h) = exp(— hka), k=0,1,..; ax1

ABtopbl: Haxman Anexcandp /lasudosuy — xaumunat GU3NKO-MaTeMaTHIECKIX
HayK, JoueHT Kadenpel «TexHuueckas mMexaHuka W aetanu Mmamua»y, ®I'BOY BIIO
«TI'TY»; Ocunenxep bopuc Ilempoeuu — noktop (GU3NKO-MATEMATHUYCCKUX HaYK,
npodeccop kadenps! Beiciel matematuku, ®I'EOY BO «MoCKOBCKHIA TOCyIapCTBEH-
HBII CTPOUTENBLHBIN YHUBEPCUTET», T. MOCKkBa.

Peuenzenr: Kynuxoe I'ennaouit Muxaiinoguu — poktop (pu3HKO-MaTeMa-
THYECKHAX HayK, mpodeccop, 3aBeAyIONNi HayIHO-MCCIeI0BATEIbCKOM TabopaTopueit
«MexaHnKa HHTEIIEKTYaIbHBIX MaTepruaioB u KOHCTpykuuity, ®T'BOY BIIO «TI' TV ».
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